Abstract-The electromagnetic characteristics of plane-transformed invisibility cloaks are quantitatively studied in this paper. We take elliptical cylindrical cloak as the example, and use an elliptical cylindrical wave expansion method to obtain the scattered field. It is demonstrated that an ideal elliptical cylindrical cloak is inherently visible. Noticeable field scattering and penetration will be induced when the cloak is exposed directly to an electromagnetic wave. However, as long as the cloak consists of a perfect electric conducting lining at the interior surface, perfect invisibility can still be achieved along the direction parallel to the major axis of the cloak for transverse magnetic illumination. Another plane-transformed cloak with a conical geometry is also proposed. The advantage of this cloak is that all the permittivity and permeability elements are spatially invariant while none of them is singular. Hence, it is easily realizable with artificially structured metamaterials. Finally, the applications of this kind of cloak are discussed.
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I. INTRODUCTION

D
ESIGN of electromagnetic cloak of invisibility has attracted much attention in the recent years. By exploiting the frequency dispersion of plasmonic materials, Alù and Engheta suggested the possibility of employing plasmonic shell for reducing the scattering from a single or a collection of small spheres [1] , [2] . This concept has also been used to conceal a particle simultaneously at different frequency in optical domain [3] . Another methodology based on spatial coordinate transformation of Maxwell's equations was reported by Pendry et al. [4] . And a spherical cloak with spatially gradient, anisotropic material parameters was proposed, which can bend and guide the incoming wave smoothly around the cloaked region without disturbing the incident field. Leonhardt described a similar optical conformal mapping method to achieve two-dimensional (2D) invisibility by assuming the short wavelength geometrical limit [5] . The effectiveness of the transformation based cloak design was first validated by full-wave simulation [6] and ray tracing exercise [7] , while a practical 2D cylindrical cloak based on the reduced set of material parameters was realized experimentally [8] . Following this approach, some authors considered cloak achieved with a high order transformation [9] , aiming to minimize the undesired scattering caused by the impedance mismatched at the cloak's outer boundary. The scattering model of spherical cloak was established in [10] , [11] . Further theoretical treatments dealing with the boundary conditions of the point transformed [12] and line transformed [13] cloaks have also been presented. These rapid processes made the transformation a hot topic and triggered more and more study on invisibility cloaks [14] - [22] .
We notice that in most of the above discussions, the inner boundary of the cloak is transformed from a point or a line, which results in extreme material parameters (zero or infinity) at the cloak's interior surface. Recently, the transformation approach was applied to elliptical cylindrical coordinate, and an elliptical cylindrical cloak was achieved correspondingly [23] - [25] . It was shown that none of the parameters of the cloak is singular [24] , since the inner boundary of the cloak is transformed from a plane in this case. However, the performances of this cloak are not so good, especially for transverse electric (TE) illumination [25] . A similar plane-transformed cloak was presented in [26] , which was achieved by combing the segments of cylindrical cloak. And a finite element method was performed to validate the cloaking performance, showing that this cloak can only achieve perfect invisibility for transverse magnetic (TM) plane wave propagating in a definite direction [26] . Since all these facts indicate that the scattering property of the plane transformed cloak is unclear, a rigorous analysis is quite necessary.
In this paper, we study the electromagnetic characteristics of the elliptical cylindrical cloak by rigorously solving Maxwell's equations in elliptical cylindrical coordinate. The general boundary equations are derived. It is demonstrated that an ideal elliptical cylindrical cloak cannot achieve perfect invisibility when it is exposed to an EM wave directly. However, when the inner boundary of the cloak is a perfect electric conducting lining, the odd scattering coefficients are exactly zero for TE illumination, while the even scattering coefficients are always zero for TM illumination. This result indicates that the elliptical cylindrical cloak with a perfect electric conducting lining at the interior surface can still achieve perfect invisibility along the direction parallel to the cloak's major axis when it is illuminated by a TM wave. We have also analyzed how the non-ideal parameters affect the cloaking performance quantitatively. It is found that adding loss to the material parameters can dramatically suppress the backward scattering. All these scattering characteristics can be found in any other plane-transformed cloaks. As an example, we propose another type of plane-transformed cloak which has a cone shaped geometry. Full-wave finite-element method is used to verify the cloaking performance. It is found that apart from achieving one-dimensional invisibility, this kind of cloak has the similar capability with the one proposed by Li and Pendry [27] in that it can give any cloaked obstacle the appearance of a flat conducting sheet. However, the cloak presented here has the advantage that all the material parameters are spatially invariant. Therefore, it is much easier to realize with artificially structured metamaterials, compared with other types of cloaks.
II. SCATTERING CHARACTERISTICS OF ELLIPTICAL CYLINDRICAL CLOAKS
To begin with, we first take the elliptical cylindrical cloak as the example, and select the related elliptical cylindrical coordinate , whose relationship with Cartesian coordinate is given by: (1) where is the semi-focal distance. In this coordinate system the constant-contours represent a family of ellipses, while constant-v contours are hyperbolae, as depicted in Fig. 1 . To create a cloak, we define a spatial transformation that maps an elliptical cylindrical region in the original coordinate into an annular region in the new coordinate via (2) where and are the inner and outer shell coordinate parameters of the elliptical cylindrical cloak, and is an arbitrary monotonic function which satisfies the condition and . Under this transformation, a plane is transformed to the cloak's interior surface [24] , [25] . And the corresponding relative permittivity and permeability elements of the cloak shell ( ) can be expressed in the transformed physical coordinate system as follows: (3) and all the off-diagonal terms are zero. For simplicity, we select as a linear function . Thus, (3) is reduced to (4) where is a definite constant. It can be seen from (4) that both (or ) and (or ) are spatially uniform, while (or ) is dependent on both and . In Fig. 2 , we plot the three components of the material parameters in terms of for different angular coordinate parameters ( , , ). Here the semi-focal distance is selected as , while the inner and outer shell coordinate parameters are set to be and , respectively. The results show that the permittivity and permeability elements are singular only at two points of the cloak's inner boundary (namely and ), which is quite different from the point transformed [4] and line transformed [6] cloaks.
The performance of the cloak can be examined by an elliptical cylindrical expansion method. For TE polarized wave, the general wave equation governing the field in the cloak layer can be expressed in the elliptical cylindrical coordinate as (5) where is the wave number of free space. Utilizing the separation of variable method and assuming , one obtains where is the separation constant. Here, (6) [28] . , , ,
, and are all undetermined expansion coefficients. Consider the case where the internal region is free space. By applying boundary conditions (continuity of and ) at the two boundaries and , the undetermined coefficients can be obtained as (12)-(15), shown at the bottom of the page. It can be seen from (12)- (15) that the scattering coefficients and , as well as the penetration coefficients and are non-zero. With the help of (8)- (11), the total electric field can be calculated. As shown in Fig. 3 penetration can be observed. Hence, the ideal elliptical cylindrical cannot achieve perfect invisibility in this case.
For the case considered in [23] , [24] , where a PEC lining is applied to the inner boundary of the cloak, the internal fields are exactly zero . By applying the boundary conditions, we can determine the scattering coefficients (16) Equation (16) shows that the odd scattering coefficient is always equal to zero, which indicates that when the incident field is odd symmetrically distributed (namely, ), the scattered field outside is zero. However, for a plane wave scattering problem, is a nonzero term. Therefore, undesired scattering is still inevitable. Fig. 4 displays the total electric field distribution when the cloak with a PEC lining at the interior surface is subject to TE illumination with different incident angle. Distinct scattering can be observed from the results.
We next consider the problem of TM mode scattering, where the magnetic field is polarized along direction. Suppose a PEC elliptical cylinder is surrounded by an elliptical cylindrical cloak. Following similar processes of TE case, the boundary equations can be listed. By applying the continuity of at and , we get
It can be seen that the even scattering coefficient is always zero, indicating that for even symmetrical incident field , zero scattering can be achieved. It is worthwhile to notice that as long as the incident angle is equal to 0 (or ), is 0. In other words, when a TM plane wave is incident upon the cloak along the horizontal direction, perfect invisibility can be realized. Fig. 5(a) shows that the incoming TM wave has been smoothly guided around the internal region without introducing any scattering outside. However, as the incident wave is propagating along any other direction, the scattered field will no longer be zero. As depicted in Fig. 5(b) , when the cloak is illuminated by a TM plane wave along the vertical direction, large backward scattering will be induced. In fact, this incident angle dependent scattering is caused by the interior surface of the cloak, which is transformed from a plane in the initial coordinate. When the incident direction is parallel to the plane, the tangential electric field at inner boundary of the cloak is zero. Thus, the cloak will have the effect of guiding wave around. However, as the plane wave travels along any other direction, the tangential electric field is no longer zero at the cloak's interior surface. As a result, noticeable scattering will be induced. In order to improve the cloaking performance, one possible solution is to decrease the energy that penetrates into the inner boundary of the cloak. This can be achieved by adding loss to the material parameters [18] . Fig. 5(c) shows the case where a loss tangent 0.05 is introduced to . It can be seen from the result that the backward scattering has been dramatically reduced.
III. PLANE-TRANSFORMED CLOAKS WITH SPATIALLY INVARIANT PERMITTIVITY AND PERMEABILITY TENSORS
The full-wave analysis in Section II shows that although the elliptical cylindrical cloak can only achieve perfect invisibility for TM illumination in one direction, it has the merit in the easier realization in practice, since the extreme value of the material parameters at cloak's interior surface can be avoided. However, from (4), we can see that and are still inhomogeneous. In order to further simplify the material parameters, in this section we propose another plane-transformed cloak, whose permittivity and permeability elements are all spatially uniform. The 2D schematic and 3D geometry of this cloak are depicted in Fig. 6(a) and (b) , respectively. The associated spatial distortion can be described by the following mapping: (18) As shown in Fig. 6 , a circular plane is transformed to two closed conical surfaces (which correspond to the inner boundary of the cloak). And the cloak's outer surface is perfectly matched to the background. It is worthwhile to point out that this plane-transformed conical cloak is different with all the 2D cylindrical cloaks in that it has finite size along the axial direction ( direction). Therefore, it can wrap an obstacle completely inside the cloak shell. Using the methodology introduced in [4] , the relative permittivity and permeability tensors of the cloak can be deduced: (19) The above material parameters are described in cylindrical coordinate system. It is interesting to see that all the elements are spatially invariant. Additionally, none of them are singular. Due to the irregular geometry of the cloak, here we use full-wave finite element method to validate the cloaking performance. The frequency is set to be (corresponding wavelength ). The parameters of the cloak are selected as , ,
. Suppose a plane wave with electric field perpendicular to plane is incident upon the cloak with different incident angles, as depicted in Fig. 7(a) and (b) . It is easy to observe that scattered field is produced by this cloak, which is very similar to the elliptical cylindrical cloak case (shown in Fig. 4) . In contrast, we also simulate the case where magnetic field perpendicular to plane is incident upon the cloak with different included angles, the results of which are plotted in Fig. 7(c) and (d) . It is found that the EM wave with wave number along direction (or electric field polarized along direction) can be guided around the internal region, while EM wave from other directions will cause noticeable scattering outside.
It is worth pointing out that the scattering characteristic of the plane-transformed conical cloak is equivalent to that of a circular conducting plane. Therefore, our discussion is not limited to plane wave illumination case. As long as the incident electric field is perpendicular to the equivalent conducting sheet, the cloaked obstacle will be invisible no matter what kind of detecting EM waves are utilized. Here we use simplified models with electric and magnetic dipole sources to illustrate this idea. 8 shows the field distributions when the cloak is illuminated by electric and magnetic dipoles located at different positions. The simulation results confirm that the radiation of a TM antenna with electric field perpendicular to the visual conducting sheet will not be disturbed by the cloaked object, while antennas polarized in other directions will make a shadow behind the cloak. These results also agree well with those shown in Fig. 7 .
IV. APPLICATIONS OF PLANE-TRANSFORMED CLOAKS
It can be seen from the above analysis that the plane-transformed cloak can make the interior PEC lining appear as a flat conducting sheet. This capability can be applied to conceal certain obstacles when the direction of the illumination is fixed. One possible application is the reduction of the forward scattering by struts in parabolic antennas [29] . Suppose there is a structure which is part or close to an antenna. The obstruction by the structure might cause increased sidelobes and reduced gain. Since the polarization of a certain antenna is fixed, we can cover the strut properly with the plan-transformed cloak in this situation to solve the problem. In Fig. 9(a) we simulate the magnetic field distribution of a parabolic antenna. Fig. 9(b) shows that if we place a plane-transformed cloak the virtual plane of which is perpendicular to the electric field in front of the antenna aperture, no scattering will be introduced. This phenomenon demonstrates the possibility of using plane-transformed cloak to reduce the scattering by struts in an antenna system. Even in practical case where the incoming wave is obliquely incident upon the structure, this approach is still applicable as long as we make sure that equivalent conducting sheet is perpendicular to the incident electric field.
In addition to the applications in antenna systems, the plantransformed cloak is also quite useful in the case where an obstacle is located at a flat ground plane. Li and Pendry proposed the method of realizing ground-plane invisibility cloak [27] , which was later experimentally verified by Liu et al. [30] . However, the permittivity and permeability elements of this cloak are still spatially variant. With simpler parameters, the plane-transformed cloak presented here can provide the similar performance. To confirm this point, we suppose the upper half of the cloak is placed on the surface of an infinite PEC sheet. A Gaussian beam is launched at 45 with respect to the surface normal from the left. Fig. 10 
V. CONCLUSION
In summary, we have quantitatively analyzed the scattering characteristics of the elliptical cylindrical cloak by using an elliptical cylindrical wave expansion method. Though the ideal elliptical cylindrical cloak obtained by plane transformation can only achieve perfect invisibility in one direction for TM illumination, it is much easier to be realized with artificially structured metamaterials in practice, since the extreme value (zero of infinity) of the material parameters can be avoided. Another cloak with even simpler material parameters is proposed, which is also realized by applying plane transformation. These plane transformed conical cloak provides great convenience in the fabrication process due to the permittivity and permeability with all the elements spatially uniform.
